We provide a characterization of the sets of internal and external points of a nondegenerate conic in the plane PG(2, q), q odd, by means of their pattern of intersection with lines. In fact, we classify all sets of class [0, 1 2 (q − 1), 1 2 (q + 1), q] in PG(2, q), q odd.
Introduction
A point p not on a nondegenerate conic C in PG (2, q) , q odd, is called external to C if it is on a tangent line to C, and internal otherwise. The sets of external and internal points of a conic are among the most basic subsets of a desarguesian projective plane of odd order. Therefore a characterization of these sets by means of an elementary property is desirable.
Let m i , 1 ≤ i ≤ k, be k integers, 0 ≤ m 1 < m 2 < · · · < m k ≤ q + 1. A set K of points of PG(n, q) is said to be a set of class [m 1 , . . . , m k ] with respect to the lines of the space if for every line L of PG(n, q), |L ∩ K| = m i for some 1 ≤ i ≤ k. It is said to be a set of type (m 1 , . . . , m k ) with respect to the lines of the space if every m i actually occurs for some line L. Actually, one can give similar definitions for sets of a certain class or type with respect to subspaces of dimension r , but as we will only be interested in the intersections with lines, we will not explicitly mention any longer that we are referring to intersections with respect to lines. The set of external points of a conic C is a set of type ( The main result of this paper, Theorem 6.1, classifies all sets in the plane PG (2, q) , q odd of class [0, Aside from the characterization of internal and external points of a conic, an extra motivation for this result is the following. Consider a nonsingular quadric Q n+1 in PG(n +1, q), q any prime power. Let R n be the projection of Q n+1 from a point r ∈ Q n+1 on a hyperplane PG(n, q). If q is even and n is odd, r should be different from the nucleus of the quadric. If q is even, then the set R n is a set of class [1,
However sets of class [1, m, q + 1] in PG(n, q), q > 4, have been classified. See [7, 10, 11, 15] for more details. The case q = 4 is special; see for instance [8] [9] [10] [11] . If m = q 2 + 1, q > 4, then a set of type (1, m, q + 1) is indeed the projection of a quadric.
If q is odd then the set R n is a set of class [1,
The goal is to classify those sets; see [2] . In order to do so, we first need to classify the sets of class [1,
in a desarguesian plane, or by taking complements, the sets of class [0,
, which is the purpose of this paper. We remark that sets of class [0, (2, q) , q odd, have already been studied by other authors as shown by the next two theorems. The first theorem is a characterization theorem for the external points of a conic. Theorem 1.1 (Ferri [3] ). If K is a set in PG(2, q), q odd, which is of type (
and of cardinality k, with k < q(q +1)/2 +q/5, then k = q(q +1)/2 and K is the set of external points of a conic.
The next theorem is a characterization theorem for the internal points of the conic, which is a set of type (0, (Ferri [5] ). If K is a set in PG(2, q), q odd, which is of type (0,
For other characterization theorems, we refer the reader to Ferri [4, 5] , Ferri and Tallini [6] , Abatangelo and Pertichino [1] .
However, all of these results assume an extra condition on the size of the set. It is the absence of such a condition that justifies Theorem 6.1. The most difficult parts of the proof are exactly the cases that are not handled in [1, [3] [4] [5] [6] .
Finally we remark that, as we only use standard counting techniques, Theorem 6.1 is also valid in nondesarguesian projective planes of odd prime power order. However, there is no general classification of ovals in such planes, and so in this case we should write oval instead of nondegenerate conic.
Preliminaries
Let K be a nonempty set of class [0,
then K is the complement of a blocking set. So we may assume that q > 3. Let L i be the set of lines of PG(2, q) containing i points of K, for i ∈ {0, 1. The set L 0 is empty. Then the complement of K is a set of class [1,
2. The set L 0 consists of a single line L. Then the complement of K ∪ L is either the empty set or a set of class [0,
, q odd and q > 3, and let m ∈ Z be such that
For every point p, let a p be the number of lines of
Counting the ordered pairs
It follows that
Then by (3), c is an integer and
then the fact that c is an integer yields q − 1 | 3q + 1, whence q = 5. So we have the following possibilities. 
But this implies that q = 3, which contradicts our assumption. Suppose that m = 0. Let r ∈ K. Then by (1),
So every point r ∈ K is on at most two lines of L 0 . Obviously, no point of K is on a line of L 0 .
As c = 0, L 0 is a (q + 1)-arc in the dual plane of PG(2, q). By Segre [12, 13] , L 0 is the dual of a nondegenerate conic. The set of points on exactly one line of L 0 is also a nondegenerate conic C. A point of PG(2, q) is in K if and only if it is on no line of L 0 , and so if and only if it is on none of the tangent lines to C. It follows that K is the set of internal points of the conic C.
Hence we can partition the point set of PG(2, q) into the set K, the points of which are on no line of L 0 , a set K 2 , the points of which are on two lines of L 0 , and a set K 3 , the points of which are on three lines of L 0 . Let L ∈ L 0 , and let x i be the number of points of K i on L, i = 2, 3. Then counting the lines of L 0 which intersect L in exactly one point yields q + c = x 2 + 2x 3 . On the other hand x 2 + x 3 = q + 1. Hence x 2 = q + 2 − c and
yields, for i = 2 and i = 3 respectively,
On the other hand c
Hence
which yields
So c is either 1 or 2. Substitution of c = 1 in (4) yields q 2 = 1, a contradiction. Substitution of c = 2 in (4) yields q 2 = 9, which is also a contradiction since we assumed that q > 3. So the case 1 ≤ m ≤ Since neither K nor its complement is empty, both cases do occur. But now L 0 is a maximal arc of degree 3 in the dual plane of PG (2, 5) , which is impossible. So we have proven the following result. The set complement of the set of external points of a nondegenerate conic C of PG(2, q), q odd, in other words, the union of the conic C with its internal points, is a set of + 3) ). This set can also be seen as the projection of a nonsingular elliptic quadric Q − (3, q) in PG(3, q) from an external point on a plane.
Let K be a set of class [1,
If p ∈ K then
Lemma 4.1. m ≥ 0.
Counting the number of ordered pairs ( p, r ) such that p and r are two distinct points of K yields
Counting the number of ordered pairs ( p, r ) such that p ∈ K and r ∈ K yields
From (7) and (8) it follows that
Since B ≥ 0, (10) yields
Let
Then by (9) , c is an integer and |L 1 | = q + 1 + c.
Theorem 4.2. If m = 0 then K is the union of a nondegenerate conic with its internal points.
Proof. Suppose that m = 0. Let p ∈ K. Then by (5), ([14] , Proposition VIII) proves that a set of class [1, t] in PG(2, q), 3 ≤ t ≤ q − 1, is either a unital (so q is a square and t = √ q +1) or a Baer subplane (so q is a square and t = √ q +1). In any case, (11) is quadratic in m and (11) is satisfied for sufficiently large m, it is not satisfied for all
Now by Lemma 4.3 we are done. 
q = 5 and K consists of all points on the sides of a triangle, except the vertices.

K consists of a nondegenerate conic and its internal points.
Proof. Assume that 1 ≤ m ≤ 1 2 (q − 1) (but not necessarily q > 5). Let p be a point of K and r a point not in K. Then from (5) and (6) and the fact that 0 ≤ b p ≤ a p ≤ q + 1 and 0 ≤ b r ≤ a r ≤ q + 1 it follows that either a p = q + 1
So c is either 1 or 2. Let K i be the set of points r ∈ K which are on exactly i lines of
L is the only line of L 1 through p. An easy counting argument shows that the number of points of K 2 on L is q − c and the number of points of
On the other hand c = (4m(m + q))/(q 2 − 1) yields m = 1 2 (−q + q 2 + c(q 2 − 1)). Hence
Substitution of c = 1 in (12) yields 7q 2 − 20q + 13 = 0, which is impossible. Substitution of c = 2 in (12) yields 11q 3 − 42q + 27 = 0, so q = 3. But we assumed that q > 3, so also in this case a contradiction is obtained. We conclude that the case 1 ≤ m ≤ ≤ a p ≤ 14, (a p , b p ) ∈ {(13, 5), (12, 11) }. In any case, p lies on at least five lines of L 1 2 (q+3) . But L 1 2 (q+3) contains only three lines, a contradiction. Assume that q = 7 and m = Let p = p 0 be a point such that the line p, p 0 is disjoint from K , and let d be the number of lines through p which contain c + 2 points of K . Then
Suppose that b < a, and let p = p 0 be a point of K such that the line p, p 0 contains 
Suppose again that b < a, and let p = p 0 be a point, not in K , such that the line p, p 0 contains 
Consider the lines through p 0 which have a nonempty intersection with K . Let K denote the set of points on these lines, distinct from p 0 and not in K . Then the set K satisfies the same conditions as the set K , but with parameters a = a, b = a − b, c = a − c − 3. Since 0 < b < a implies 0 < b < a , we may conclude that q(c + 1) + 
Adding (14) and (15) 
